Newtonian Fractional-Dimension Gravity and MOND by Varieschi, Gabriele U.
FRACTIONAL GRAVITY AND MODIFIED NEWTONIAN DYNAMICS
Gabriele U. Varieschi∗
Loyola Marymount University, Los Angeles, CA 90045, USA
(Dated: April 3, 2020)
This paper introduces a possible alternative model of gravity based on fractional calculus and
its applications to Newtonian gravity. In particular, Gauss’s law for gravity as well as Laplace’s
equation and other fundamental classical laws are extended to a D-dimensional metric space, where
D can be a non-integer dimension.
We show a possible connection between this Newtonian Fractional Gravity (NFG) and Modified
Newtonian Dynamics (MOND), the leading alternative gravity model, which accounts for the ob-
served properties of galaxies and other astrophysical structures without requiring the dark matter
hypothesis. The MOND acceleration constant a0 ' 1.2×10−10m s−2 can be related to a natural scale
length l0 in NFG, i.e., a0 ≈ GM/l20, for astrophysical structures of mass M , and the deep-MOND
regime is present in regions of space where the dimension is reduced to D ≈ 2.
For several fundamental spherically-symmetric structures, we compare MOND results such as the
empirical Radial Acceleration Relation (RAR), circular speed plots, and logarithmic plots of the
observed radial acceleration gobs vs. the baryonic radial acceleration gbar, showing that NFG is
capable of reproducing these results using a variable local dimension D (w), where w = r/l0 is a
dimensionless radial coordinate. At the moment, we are unable to derive explicitly this dimension
function D (w) from first principles, but it can be obtained empirically in each case from the general
RAR.
Additional work on the subject, including studies of axially-symmetric structures, detailed galactic
rotation curves fitting, and a possible relativistic extension, will be needed to establish NFG as a
viable alternative model of gravity.
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2I. INTRODUCTION
This paper considers a possible generalization of the gravitational Gauss’s law and of the other standard laws
of Newtonian gravity to lower dimensional cases, including fractional (i.e., non-integer) dimensions. This analysis
is based on the application of fractional calculus (FC) [1–5] and fractional mechanics [6, 7] to the classical laws of
gravity. Fractional calculus is also commonly related to fractal geometries, which might be relevant at galactic or
cosmological scales in the universe [8–10]. A generalized “Newtonian Fractional Gravity” (NFG) can be derived from
the aforementioned principles.
This analysis also shows a possible connection with Modified Newtonian Dynamics (MOND) [11–13], the leading
alternative gravity model, originally introduced in 1983 as a possible solution to the mass-discrepancy/dark matter
(DM) problem, and later evolved into a relativistic theory [14, 15]. Recently, a strong correlation between the
radial gravitational acceleration traced by galactic rotation curves and that predicted by the observed distribution of
baryons has been reported [16, 17], consistent with MOND galactic dynamics. In this paper, we propose a possible
explanation of this correlation based on a “variable-dimension” effect in galactic structures, thus connecting MOND
with Newtonian fractional gravity.
In Sect. II, we describe in more details the original MOND model and the related correlation between observed and
baryonic galactic rotational accelerations. In Sect. III, we introduce the fractional generalization of Gauss’s law and
Newtonian gravity. In Sect. IV, we show applications of these methods to some basic spherical models and establish a
connection with the MOND theory. Finally, in Sect. V conclusions are drawn and possible future work on the subject
is outlined.
II. MOND AND GALACTIC ROTATION CURVES
Modified Newtonian Dynamics was created in 1982 by Milgrom and first published in 1983 [11–13] as a possible
solution to the mass discrepancy problem in galaxies, galaxy systems, and other stellar systems. The original proposal
called for a modification of Newtonian dynamics in terms of inertia or gravity, in order to describe the motion of
bodies in the gravitational field of a galaxy, or a cluster of galaxies, without the need of any hidden mass, i.e., without
any DM contribution. At the core of the MOND model is an acceleration constant a0, whose currently estimated
value is [16, 17]:
a0 ≡ g† = 1.20± 0.02 (random)± 0.24 (syst)× 10−10 m s−2 (1)
and which represents the acceleration scale below which MOND corrections are applied.1
The modification to Newtonian dynamics can be expressed in two possible forms [18]:
mµ(a/a0)a = F (2)
µ(g/a0)g = gN ,
where the former indicates a modification to the law of inertia (Newton’s second law): F is an arbitrary static force and
m is the (gravitational) mass of the accelerated test particle. For the force of gravity, F = mgN , where gN = −∇φN
and φN is the usual Newtonian gravitational potential derived from the standard Poisson equation. Therefore, this
first form of modified dynamics applies to any type of force and changes the law of inertia, since the acceleration a is
replaced by µ(a/a0)a.
On the contrary, the second line in Eq. (2) modifies just the gravitational field g, obtained from the Newtonian gN ,
while leaving the law of inertia (ma = F) unchanged. The two formulations are practically equivalent, but conceptually
different: the former modifies Newton’s laws of motion, while the latter modifies Newton’s law of universal gravitation.
In both cases, the modification follows from the interpolation function µ(x) ≡ µ(a/a0) or µ(x) ≡ µ(g/a0), respectively.
MOND postulates that:
µ(x) ≈
{
1 for x 1 (Newtonian regime),
x for x 1 (deep-MOND regime). (3)
1 In the latest papers in the literature (such as [16, 17]), this acceleration scale constant is indicated as g†, when derived by fitting galactic
data with an empirical law. See Eq. (6) later in this section.
3Originally, Milgrom used simple forms for the interpolation function, such as the “standard” form µ2(x) =
x/
√
1 + x2 or µ(x) = 1 − e−x[12, 19], while recently other forms have become more popular, such as the “sim-
ple” interpolation function µ1(x) = x/(1 + x), or the general family of functions µn(x) = x(1 + x
n)−1/n, of which
µ1 and µ2 are special cases. Also, following the second line in Eq. (2), it has become customary [20] to invert this
relation into the following:
g = µ−1(x)gN ≡ ν(y)gN with y = gN/a0. (4)
Several ν(y) functions were introduced in the literature over the years (see Ref. [20] for full details), but we will
consider in the following two main families:
νn(y) =
(
1
2
+
1
2
√
1 + 4y−n
)1/n
, (5)
ν̂n(y) =
[
1− exp
(
−yn/2
)]−1/n
.
The first family in the last equation is the inverse of the family µn(x) described above, while the second one corresponds
to interpolation functions which are similar to the “simple” function on galaxy scales (∼ a0) while having no impact
in the inner solar system (∼ 108a0) [20]. Due to the exponential function in their definition, the functions ν̂n(y)
cannot be easily inverted into corresponding µ̂n(x) functions, but the particular choice ν̂1(y) =
[
1− exp (−y1/2)]−1
has recently become the favorite interpolation function [16, 17].
Continuing our brief historical outline of MOND (see Refs. [21–23] for general reviews), in order to ensure standard
conservation laws Milgrom and Bekenstein introduced an Aquadratic Lagrangian theory (AQUAL) [18], in the context
of MOND as modified gravity. This was based on a Lagrangian function which generalized the Newtonian one and
on a modified Poisson equation, ∇ · [µ (|∇φ| /a0)∇φ] = 4piGρ, from which the original MOND relation in the second
line of Eq. (2) would follow in cases of high symmetry (spherical, cylindrical, or plane).
This version of MOND was then interpreted by Milgrom [24, 25] as an effective theory due to vacuum effects of
cosmological origin. This view was also supported by the numerical coincidences: a0 ≈ cH0 and a0 ≈ c2Λ1/2, linking
the MOND acceleration a0 with the Hubble constant H0 and the cosmological constant Λ. The AQUAL model
then evolved into different relativistic versions, such as RAQUAL and phase-coupled gravity–PCG [22], which were
eventually replaced by other relativistic MOND theories (Tensor-Vector-Scalar theories [14, 15]). Other relativistic
models of gravity [26, 27] also reproduce MOND phenomenology at low energies. Since our analysis will be confined
to non-relativistic effects, there is no need to introduce further elements of relativistic MOND.
Back to the non-relativistic model, the main successes of MOND are well-known. In the spirit of “Keplerian” laws,
they can be summarized as the three laws of rotationally-supported galaxies (from Ref. [28]):
1. Rotation curves attain an approximately constant velocity (asymptotic or flat rotation velocity Vf ) that persists
indefinitely (flat rotation curves).
2. The observed baryonic mass scales as the fourth power of the amplitude of the flat rotation curve (the “baryonic”
Tully-Fisher relation-BTFR: Mbar ∼ V 4f ).
3. There is a one-to-one correspondence between the radial force and the observed distribution of baryonic matter
(the mass discrepancy-acceleration relation Mtot/Mbar ' V 2obs/V 2bar).
The first point is the main original MOND prediction from Eqs. (2) and (3), regardless of the chosen interpolation
function [12]: at large galactic radii (deep-MOND regime) we can replace gN ≈ GM/r2 and a = g = V 2/r in those
two equations and obtain V 4(r) ≡ V 4f ≈ GMa0, from which Vf ≈ 4
√
GMa0, where M is the total mass of the galaxy.
This initial consideration then evolved into detailed fitting of galactic rotation curves of different shapes without using
dark matter (see Refs. [20, 22, 28] for some examples) and firmly established MOND as an alternative to the DM
hypothesis.
The second point follows directly from the previous arguments, in particular from V 4f ≈ GMa0, and from the
observed strong correlation (Tully-Fisher relation [29–31]) between galactic total luminosity L and typical rotational
velocity Vf : L ∝ V αf with α ∼ 4, and by assuming also that the total galactic luminosity is simply proportional to
the total mass M . This connection between light and matter is also manifest in more subtle ways: features in galactic
luminosity profiles usually correspond to features in the rotation curves and vice-versa (the so-called Renzo’s rule
[32]).
4The third point has recently evolved into a very precise statement relating the radial acceleration gobs traced by
rotation curves with the radial acceleration gbar predicted by the observed distribution of baryonic matter [16, 17].
Using astrophysical data from the Spitzer Photometry and Accurate Rotation Curves (SPARC) database [33], a
sample of 175 galaxies with new photometry and high-quality rotation curves, McGaugh and collaborators were able
to produce an empirical fit to all the data points (radial acceleration relation - RAR) as follows:
gobs =
gbar
1− e−
√
gbar/g†
, (6)
where g† is an empirical acceleration parameter, corresponding to the MOND (theoretical) acceleration scale a0,
whose value we already reported in Eq. (1) above. While Eq. (6) represents a pure empirical fit, in spirit similar
to Kepler’s third law, it can be noted immediately that it corresponds to one of the MOND interpolation functions
described above, namely, the particular function ν̂1(y) =
[
1− exp (−y1/2)]−1, once we identify y = gN/a0 ≡ gbar/g†
and ν̂1 = g/gN ≡ gobs/gbar.
It should be also noted that the above fit involved 2693 data points from 153 rotationally supported (spiral and
irregular) galaxies [16], spanning over a large range of physical properties, such as rotation velocities, luminosities,
effective surface brightness, etc. The baryonic acceleration gbar was computed first by solving numerically the standard
Poisson equation ∇2φbar = 4piG%bar, with the baryonic mass density ρbar obtained from near-infrared (3.6 µm) data
tracing the stellar mass distribution and from 21cm hydrogen line data tracing the atomic gas, and then by deriving
gbar from the gravitational potential: gbar =
∣∣∂φbar
∂R
∣∣. The observed acceleration gobs was obtained directly from the
rotation curves as gobs = V
2/R. By using a single value for the stellar mass-to-light ratio Υ
[3.6]
∗ = 0.50M/L[16],
the fit in Eq. (6) provides a universal empirical equation based just on the MOND parameter g† ≡ a0: in Fig. 3 of
Ref. [16] nearly 2700 data points are fitted by the RAR and individual galaxies are indistinguishable in that analysis.
In Sects. III and IV we will provide a possible explanation of this fundamental empirical relation using NFG.
In more recent work [17], from the original SPARC database of late-type-galaxies (spiral and irregular), the galaxy
sample was extended to include early-type-galaxies (elliptical and lenticular) and dwarf spheroidal galaxies, confirming
the RAR and, as a consequence, also other dynamical properties of galaxies, like the Tully-Fisher and Faber-Jackson
relations, the “baryon-halo” conspiracies, and Renzo’s rule. Also, in Ref. [34] the 175 galaxies in the SPARC database
were checked individually against the RAR, allowing for galaxy-to-galaxy variations of the acceleration scale g†. The
result of this analysis favored a single value of g†, consistent with the action of a single effective force law.
Several other experimental observations are explained by MOND and related relativistic versions (see [23] for a
complete discussion), but it should be noted that MOND and its generalizations do not adequately explain properties
of galaxy clusters, globular clusters, etc., and are not particularly suited to form the basis of a cosmological model
[23]. With respect to these issues and as a standard cosmological model, the ΛCDM concordance model [35] is still
the favorite, most successful, cosmological theory.
III. FRACTIONAL GAUSS’S LAW AND NEWTONIAN GRAVITY
An interesting pedagogical problem is the analysis of classical theories, such as Maxwell’s electrodynamics or
Newtonian gravity, in a lower-dimensional space-time. Rather than using standard 3 + 1 space-time, we can decrease
the spatial dimension and consider these classical theories in 2 + 1, or even 1 + 1 space-times. Standard textbooks
do not usually discuss these cases, and very few papers (see [36, 37] and references therein) are available in the
literature. The study of the laws of physics for cases of dimension D 6= 3 was also used at times as a “proof” of the
tri-dimensionality of space (see the original analysis by Ehrenfest in 1920 [38] and the more philosophical discussion
in Ref. [39]).
Typically, only Maxwell’s electrodynamics in lower-dimensional spaces is discussed in the literature [36, 37], but
results for electrostatics can be easily adapted to Newtonian gravity. The main issue is whether Coulomb’s law
should be altered in a lower-dimensional space situation, or remain the usual inverse-square law. This crucial point
was clarified by Lapidus [40, 41], who argued that Gauss’s law in a two-dimensional space implies an inverse-linear
Coulomb’s law and thus a logarithmic potential, while in a one-dimensional space the electric field is constant in
magnitude and the potential linear. These electrostatic potentials were then used to study one and two-dimensional
hydrogen atoms [42, 43].
In the following, we will start from the analysis of electrostatics in two spatial dimensions outlined in Ref. [36]
and in the unpublished Ref. [37], adapt it to the gravitational case and then generalize it to an arbitrary fractional
dimension D. The laws of electrostatics are easily converted into equivalent gravitational laws by replacing 1/0 with
5−4piG, where 0 is the permittivity of free space and G is the standard gravitational constant.2 In this way, standard
Gauss’s law for the electric field E of a point charge q, placed at the origin in a three-dimensional (D = 3) space,
describes the (outward) flux of E through a spherical surface S of radius r as: Φ
(3)
E = |E| r2
∫
S
dΩ = |E| 4pir2 = q/0.
The equivalent law for the (attractive) gravitational field g due to a point mass m is:
Φ(3)g = − |g| r2
∫
S
dΩ = − |g| 4pir2 = −4piGm, (7)
which yields the usual inverse-square law for the gravitational field: |g| = Gm/r2.
Gauss’s law can be generalized to any (positive) dimension D by considering a hypersphere S of radius r as a
Gaussian surface with
∫
S
dΩD =
2piD/2
Γ(D/2) , which follows from standard dimensional regularization techniques commonly
used in quantum field theory (see, for example, [44] page 249, or the original Refs. [45–47]). Similar regularization
methods on fractal space-times [6, 7, 48] generalize the integral of a spherically-symmetric function f = f(r) over a
fractal D-dimensional metric space W as follows:
∫
W
fdµH =
2piD/2
Γ(D/2)
∫ ∞
0
f(r)rD−1dr, (8)
where µH denotes an appropriate Hausdorff measure over the space.
In fractional calculus,3 the integral on the right-hand side of Eq. (8) is related to the Weyl’s fractional integral4
defined as W−Df(x) = 1Γ(D)
∫∞
x
(t− x)D−1f(t)dt, so that Eq. (8) can also be written as [6, 48]:
∫
W
fdµH =
2piD/2Γ(D)
Γ(D/2)
W−Df(0). (9)
This equation connects the integral over a fractal space W of dimension D with an integral of fractional order up to
the numerical factor 2piD/2Γ(D)/Γ(D/2), thus establishing a direct relation between fractal space-time and fractional
calculus.
In view of this discussion, the generalized gravitational Gauss’s law becomes:
Φ(D)g = − |g| rD−1
∫
S
dΩD = − |g| rD−1 2pi
D/2
Γ(D/2)
= −4piGm(D), (10)
where m(D) represents a “point-mass” in a fractal D-dimensional space. Since Γ(3/2) =
√
pi
2 , for D = 3 the last
equation reduces to the standard law |g| = Gm(3)r2 , with m(3) = m representing the standard mass measured in
kilograms. For D = 2 and D = 1, we obtain respectively |g| = 2Gm(2)r and |g| = 2piGm(1) (since Γ(1) = 0! = 1 and
Γ(1/2) =
√
pi ). Assuming that |g| (in m s−2) and G = 6.674× 10−11m3 kg−1 s−2 retain the same physical dimensions
(and the same value for G) in any D-dimensional space, it is easy to check that m(2) and m(1) will have dimensions
of mass per unit length (kg m−1) and mass per unit surface (kg m−2), respectively.
This is consistent with the general idea [37] that electrostatics (or Newtonian gravity) in two spatial dimensions
(x, y) should be equivalent to that in three spatial dimensions (x, y, z) for situations in which the 3-dimensional charge
(mass) distributions are independent of z, i.e., lines of constant charge (mass) density in the z direction, whose fields
scale like the inverse of the distance. Similarly, in one spatial dimension (x), we should consider as sources surfaces of
constant charge (mass) density independent of (y, z), i.e., surfaces parallel to the (y, z) plane, whose fields are uniform.
From Eq. (10), we can obtain the general expression for the gravitational field as |g| = 2pi1−D/2Γ(D/2)Gm(D)
rD−1 , with
m(D) measured in kg m
D−3. To avoid this awkward unit for masses in D-dimensional spaces, we prefer to redefine the
mass as m(D) = m˜(D)/l
3−D
0 , where l0 represents a scale length (in meters) and m˜(D) is now measured in kilograms.
Our preferred expression for the gravitational field becomes:
2 SI units will be used throughout this paper, unless otherwise noted.
3 For a basic introduction to FC and some elementary physics application see Ref. [49].
4 In FC there are several possible definitions of fractional integrals and derivatives and notation also differs in leading textbooks [1–5]. For
example, following Ref. [2], the Riemann integral is defined as cD
−ν
x f(x) =
1
Γ(ν)
∫ x
c (x − t)ν−1f(t)dt, the Liouville integral (c = −∞)
as −∞D−νx f(x) = 1Γ(ν)
∫ x
−∞(x − t)ν−1f(t)dt, the Riemann-Liouville (c = 0) as 0D−νx f(x) = 1Γ(ν)
∫ x
0 (x − t)ν−1f(t)dt, and the Weyl
fractional integral as xW
−ν∞ f(x) = 1Γ(ν)
∫∞
x (t−x)ν−1f(t)dt. Some textbooks [6] prefer to distinguish between left-sided integrals, such
as cD
−ν
x f(x) =
1
Γ(ν)
∫ x
c (x− t)ν−1f(t)dt, and right-sided integrals, such as xD−νc f(x) = 1Γ(ν)
∫ c
x (t− x)ν−1f(t)dt; in this way the Weyl
integral is the right-sided version of the left-sided Liouville integral above.
6|g| = 2pi1−D/2Γ(D/2)Gm˜(D)
l20
1
(r/l0)D−1
≈ Gm(3)
l20
1
(r/l0)D−1
. (11)
In the last equation, we have also assumed that m ≡ m(3) ≈ 2pi1−D/2Γ(D/2)m˜(D) for simplicity’s sake. This is
consistent with the discussion above that a 3-dimensional mass m(3) should be replaced by 2m˜(2) = 2m(2)l0 in 2-dim,
and by 2pim˜(1) = 2pim(1)l
2
0 in 1-dim, where m(2) and m(1) are linear and surface mass densities, respectively. The
scale length l0 in Eq. (11) is still undetermined, but the combination Gm(3)/l
2
0 represents a scale acceleration for the
field of a point particle m = m(3) in a fractal space of dimension D. It is possible to identify tentatively this scale
acceleration with the similar MOND acceleration parameter a0:
5
a0 ≈
Gm(3)
l20
, (12)
and consider the deep-MOND regime as being equivalent to the D = 2 case of Eq. (11),
|g|deep−MOND ≈
Gm(3)
l20
1
(r/l0)
=
a0l0
r
. (13)
This approach is consistent with the MOND analysis of circular motion of a test object in the field generated by
a total mass M . As seen in Sect. II, MOND computes the flat (asymptotic) rotational speed Vf as V
4
f = GMa0,
in strong agreement with the baryonic Tully-Fisher relation. Combining our last two equations with m(3) = M and
setting |g|deep−MOND = V 2f /r, as in standard Newtonian dynamics, we obtain the same result V 4f = GMa0.
Furthermore, our approach is also consistent with the (simplified) MOND analysis of binary galaxies, considered
as point-like masses in circular orbits [13]. Assuming that the binaries contain galaxies of equal mass M , denoting
with R the true separation and with V the velocity difference, standard Newtonian gravity computes V 2 = 2GM/R,
while MOND [13] obtains instead V 4 = 4a0GM . Since the reduced mass of the system is M/2, and using Eqs. (12)
and (13) with m(3) = M , we obtain
M
2
V 2
R = M |g|deep−MOND = Ma0l0R , from which V 2 = 2a0l0 = 2a0
√
GM/a0 and,
by squaring, we obtain the same MOND relation for V 4 as above.
The two simple cases just described also confirm our choice to set m ≡ m(3) ≈ 2pi1−D/2Γ(D/2)m˜(D) for any value
of D. For example, a unit mass m = m(3) = 1 kg in a three-dimensional space would effectively correspond to
m˜(2) =
1
2kg in a two-dimensional space, or to m˜(1) =
1
2pikg in a one-dimensional space.
6
Considering Eq. (11) for an infinitesimal source mass dm˜(D) and integrating over the D-dimensional source volume
VD:
g(w) = −2pi
1−D/2Γ(D/2)G
l20
∫
VD
dm˜(D)
(x− x′) /l0
(|x− x′ |/l0)D = −
2pi1−D/2Γ(D/2)G
l20
∫
VD
ρ˜(w′)
w −w′
|w −w′ |D d
Dw′, (14)
where the source mass dm˜(D) is described by the position x
′. In this equation, we have also introduced dimensionless
coordinates w ≡ x/l0 for the field point and w′ ≡ x′/l0 for the source point. It should be noted that the mass
“density” ρ˜ (w′) is actually measured in kilograms, since dm˜(D) = ρ˜ (w′) dDw′ (or ρ˜ (w′) = ρ (w′l0) l30 = ρ (x
′) l30,
where ρ(x′) is the standard mass density in kg m−3). We will use these dimensionless coordinates w and w′ in the
following, since they are more convenient to describe fractal media and they ensure dimensional correctness of all
physical equations.
It should also be noted that in Eq. (14) the space dimension D might be a function of the field point coordinate
w. On the contrary, we considered the scale length l0 as a constant for the particular source mass distribution being
considered. In Sect. IV we will discuss these choices in the context of different possible galactic structures.
The “volume” integral over VD can be performed by using techniques of multi-variable integration over a fractal
metric space W ⊂ R3 [6, 7, 50, 51]. Let’s assume that W = W1 ×W2 ×W3, where each metric set Wi (i = 1, 2, 3)
5 In the literature [15], the quantity rm =
√
GM/a0 is sometimes called the MOND radius. In view of Eq. (12), our fundamental scale
length l0 is equivalent to the MOND radius rm.
6 More generally, it should be noted that we could have defined a0 ≈ C2Gm(3)l20 , l0 ≈ C
√
Gm(3)
a0
with C > 0 constant. This choice would
also yield V 4f = GMa0 for the flat rotational speed and V
4 = 4a0GM for a simple binary system of equal mass M , using our equations
with D = 2. We have opted to simply set C = 1 in Eq. (12), which also justifies the assumption in the right-hand side of Eq. (11).
7has Hausdorff measure µi(Wi) and dimension αi. The Hausdorff measure for the product set W can be defined as
µH(W ) = (µ1×µ2×µ3)(W ) = µ1(W1)µ2(W2)µ3(W3) and the overall fractal dimension is D = α1 +α2 +α3. Applying
Fubini’s theorem we have:
∫
W
f(x1, x2, x3)dµH =
∫
W1
∫
W2
∫
W3
f(x1, x2, x3)dµ1(x1)dµ2(x2)dµ3(x3), (15)
dµi(xi) =
piαi/2
Γ(αi/2)
|xi|αi−1 dxi, i = 1, 2, 3.
It is straightforward to check that the integral defined in Eq. (15) when applied to a function f(x1, x2, x3) = f(r), in
standard spherical coordinates (r, θ, ϕ), yields the expression in Eq. (8). In fact, from the standard relations between
rectangular and spherical coordinates and using the definitions for the the differentials in the second line of Eq. (15), we
have: dµ1dµ2dµ3 =
piα1/2
Γ(α1/2)
piα2/2
Γ(α2/2)
piα3/2
Γ(α3/2)
rα1+α2+α3−1dr| sin θ|α1+α2−1 |cos θ|α3−1 dθ| sinϕ|α2−1 |cosϕ|α1−1 dϕ. Per-
forming the angular integrations, simplifying the results, and using D = α1 + α2 + α3 leads to the result in Eq.
(8).
If we used instead cylindrical coordinates (r, ϕ, z) with a function f(x1, x2, x3) = f(r, z), we would obtain:
∫
W
fdµH =
2piD/2
Γ[(αr + αϕ)/2]Γ (αz/2)
∫
rαr+αϕ−1dr
∫
f(r, z) |z|αz−1 dz, (16)
with D = αr + αϕ + αz.
From Eq. (14), we can also re-derive the original Eq. (11) by using ρ˜(w′) = m˜(D)δ(D)(w′ − 0) where the fractional
Dirac delta function is defined as
∫
VD
f(w′)δ(D)(w′ − w)dDw′ = f(w), for any function f over VD ⊂ R3. As in
standard Newtonian gravity, it is possible to introduce a gravitational potential φ (w) computed as:
φ(w) = −2pi
1−D/2Γ(D/2)G
(D − 2) l20
∫
VD
dm˜(D)
(|x− x′ |/l0)D−2 = −
2pi1−D/2Γ(D/2)G
(D − 2) l20
∫
VD
ρ˜(w′)
|w −w′ |D−2 d
Dw′; D 6= 2 (17)
φ (w) =
2G
l20
∫
V2
dm˜(2) ln(|x− x′| /l0) = 2G
l20
∫
V2
ρ˜ (w′) ln |w −w′ |d2w′; D = 2
with φ(w) and g(w) connected through g(w) = −∇Dφ(w), where∇D represents the Del (nabla) operator in fractional
space.7 This general form of the scalar potential can also be derived directly by solving the generalized Laplace/Poisson
equations (∇2Dφ(w) = 0 and ∇2Dφ(w) = 4piGl20 ρ˜(w), respectively), as shown in Appendix A at the end of this paper.
There is a fair amount of latitude in the definition of the ∇D-Del operator and of the other first and second order
operators for the case of non-integer dimensional spaces (see [50, 51] for general reviews). The axiomatic bases for
spaces with non-integer dimension were introduced by Stillinger [52] and Wilson [47], then refined by Palmer and
Stavrinou [53]. Following Eq. (8), a radial Laplacian operator, ∇2Df(r) = 1rD−1 ddr
(
rD−1 dfdr
)
= d
2f
dr2 +
(D−1)
r
df
dr , for a
scalar field f can be derived [52], from which a fractional Laplacian in spherical coordinates follows:
∇2Df =
1
rD−1
∂
∂r
(
rD−1
∂f
∂r
)
+
1
r2 sinD−2 θ
∂
∂θ
(
sinD−2 θ
∂f
∂θ
)
+
1
r2 sin2 θ sinD−3 ϕ
∂
∂ϕ
(
sinD−3 ϕ
∂f
∂ϕ
)
(18)
=
[
∂2f
∂r2
+
(D − 1)
r
∂f
∂r
]
+
1
r2
[
∂2f
∂θ2
+
(D − 2)
tan θ
∂f
∂θ
]
+
1
r2 sin2 θ
[
∂2f
∂ϕ2
+
(D − 3)
tanϕ
∂f
∂ϕ
]
,
which obviously reduces to the standard expression for D = 3.
Following Tarasov [50, 51], we will extend the definition for the divergence of a vector field F = Fr r̂+ Fθθ̂ + Fϕϕ̂
in spherical coordinates as follows:
7 Since ∇D and all the other operators introduced later in this section will be defined in terms of dimensionless coordinates, the physical
dimensions for the gravitational potential φ defined in Eq. (17) are the same as those for the gravitational field g, i.e., both quantities
will be measured in m s−2.
8divDF = ∇D · F =
[
1
rD−1
∂
∂r
(
rD−1Fr
)]
r̂+
[
1
r sinD−2 θ
∂
∂θ
(
sinD−2 θFθ
)]
θ̂ +
[
1
r sin θ sinD−3 ϕ
∂
∂ϕ
(
sinD−3 ϕFϕ
)]
ϕ̂
(19)
=
[
∂Fr
∂r
+
(D − 1)
r
Fr
]
r̂+
1
r
[
∂Fθ
∂θ
+
(D − 2)
tan θ
Fθ
]
θ̂ +
1
r sin θ
[
∂Fϕ
∂ϕ
+
(D − 3)
tanϕ
Fϕ
]
ϕ̂,
and assume that the definitions for gradient and curl are not affected by the fractional dimension of the space, thus
defining gradD f = ∇Df ≡ ∇f and curlD F = ∇D × u ≡ ∇× u.8
Adopting the above definitions, it is easy to check that the relation ∇2Df = divD gradD f = ∇D ·∇Df holds without
any approximation, and that Eqs. (14) and (17) are connected by g(w) = −∇Dφ(w), which actually follows from
∇D
(
1
|w−w′|D−2
)
≡ ∇
(
1
|w−w′|D−2
)
= − (D − 2) w−w′|w−w′|D (for D 6= 2 )9 with the derivatives taken with respect to w,
while w′ is kept constant.10 Therefore, the “fractional” gravitational field g(w) in Eq. (14) can be considered to be
“conservative” as it verifies ∇D × g = 0, or
∮
g · dαl = 0, where dαl is an appropriate infinitesimal fractional line
element of dimension α (0 < α 6 1). The connection between gravitational field and potential can also be expressed
in integral form as ∆Φ = − ∫ g · dαl.
If we take the fractional divergence of Eq. (14) and use the fractional relation ∇D ·
(
w−w′
|w−w′|D
)
= 2pi
D/2
Γ(D/2)δ
D(w−w′),
we obtain the differential form of the fractional gravitational Gauss’s law:
∇D · g (w) = −4piG
l20
ρ˜ (w) . (20)
Further integration of this law over a fractional volume VD of dimension D (1 < D ≤ 3) and using a fractional version
of the divergence theorem,
∮
Sd
g(w) · dda = ∫
VD
∇D · g(w)dDw, involving a hypersurface Sd of fractional dimension
d = D − 1 (0 < d ≤ 2) and infinitesimal surface area dda, yields the integral form of the fractional Gauss theorem:
Φ(D)g =
∮
Sd
g(w) · dda = −4piG
l20
∫
VD
ρ˜(w)dDw = −4piG
l20
M˜(D). (21)
This last equation generalizes our previous Eq. (10), where now M˜(D) represents the total mass “enclosed” by the
hypersurface Sd.
11 In cases of high symmetry (spherical, cylindrical, etc.) it can be used to determine the gravitational
field g as it is usually done in standard Newtonian gravity. Combining together the expression for the divergence of
the field with the relation between field and potential given above we can also obtain a fractional Poisson equation:
∇2Dφ (w) =
4piG
l20
ρ˜ (w) . (22)
In Appendix A, we will solve the related fractional Laplace equation ∇2Dφ (w) = 0, for regions where ρ˜ (w) = 0, and
derive the corresponding fractional multipole expansion. Other formulas of Newtonian gravity and potential theory
can also be generalized to fractional dimensional cases, but this analysis would go beyond the scope of this paper
and will be left to further studies. In the next section, we will apply the ideas developed above to some fundamental
models of galactic structures.
8 It should be noted that alternative definitions for ∇D and for the other vector operators exist in the literature. For example [7],
from the general definition of the Laplacian ∇2D =
[
∂2
∂x21
+ α1−1
x1
∂
∂x1
]
+
[
∂2
∂x22
+ α2−1
x2
∂
∂x2
]
+
[
∂2
∂x23
+ α3−1
x3
∂
∂x3
]
, with D = α1 +
α2 + α3 and 0 < αi ≤ 1, i = 1, 2, 3, the Del operator can be defined as:∇D =
√[
∂2
∂x21
+ α1−1
x1
∂
∂x1
]
x̂1 +
√[
∂2
∂x22
+ α2−1
x2
∂
∂x2
]
x̂2 +√[
∂2
∂x23
+ α3−1
x3
∂
∂x3
]
x̂3 '
(
∂
∂x1
+ 1
2
α1−1
x1
)
x̂1 +
(
∂
∂x2
+ 1
2
α2−1
x2
)
x̂2 +
(
∂
∂x3
+ 1
2
α3−1
x3
)
x̂3, where the final approximation is obtained
by using a binomial series expansion and neglecting higher-order derivatives and higher powers of the coordinates in the denominators.
This approximated formula is valid only in the far-field region (i.e., for |x1| , |x2| , |x3|  1), but can be used to define all the other
fractional vector operators, such as gradD f ≡ ∇Df , divD F ≡ ∇D · F, and curlD F ≡ ∇D × F, for scalar functions f = f(x1, x2, x3)
and vector functions F = F(x1, x2, x3). With these definitions, the relation ∇2Df = divD gradD f = ∇D · ∇Df is only approximately
true.
9 For D = 2, we have ∇2(ln |w −w′|) ≡ ∇(ln |w −w′|) = w−w
′
|w−w′|2 .
10 The operators defined in Eqs. (18) and (19) as well as the gradient and curl, are now acting on functions of dimensionless spherical
coordinates w = (wr, wθ, wϕ) ≡ (r/l0, θ, ϕ).
11 In Eq. (21), we use dimensionless coordinates w, so that the flux Φ
(D)
g has the same dimensions of the field g (m s
−2). In Eq. (10) we
were still using standard coordinates and the flux Φ
(D)
g was measured in m
D s−2. The two equations are equivalent also in view of the
redefinition of the fractional mass as m(D) = m˜(D)/l
3−D
0 .
9IV. GALACTIC MODELS
From the analysis presented in Sect. III, it is clear that our NFG is intended as a modification of the law of gravity
and not of the law of inertia and Newtonian dynamics. However, it is possible that similar modifications might also
affect the other forces in nature (e.g., the electromagnetic force, since the theory outlined in Sect. III was originally
introduced for the electromagnetic field [7, 36, 37]).12
In this way, our interpretation is somewhat in between the two original forms of the MOND theory outlined at
the beginning of Sect. II. Nevertheless, we will assume that Newtonian dynamics (i.e., Newton’s laws of motion and
related consequences, such as conservation principles, etc.) is not affected in any way by our fractional generalizations.
A test object, subject to a fractional gravitational field, such as the one described by Eq. (14), will still move in a
(classical) 3 + 1 space-time, thus obeying standard laws of dynamics.
The structure and the dynamics of galaxies are described in detail in the seminal monograph by Binney and
Tremaine [54]. In the following sub-sections, we will apply our NFG to some fundamental galactic structures and
connect our results with the empirical MOND predictions outlined in Sect. II. In this paper, we will limit ourselves
to cases of spherical symmetry, leaving other types of symmetries and geometries to future work [55].
A. Spherical symmetry
The gravitational field g(w), due to a spherically symmetric source mass distribution ρ˜(w′), in a fractal space of
dimension D(w) depending on the distance from the center of the coordinate system, can be computed directly by
generalizing the standard Newtonian derivation based on the computation of the field due to an infinitesimal spherical
shell.
The full derivation is presented in Appendix B. There we show how, starting from Eq. (14), we obtain the following
general expression (same as Eq. (B3) in Appendix B):
gobs(w) = − 4piG
l20w
D(w)−1
∫ w
0
ρ˜ (w′)w′
D(w)−1
dw′ŵ, (23)
which was proved for 1 ≤ D ≤ 3.
In the previous equation, we also denoted the gravitational field as the “observed” one, gobs, as opposed to the
“baryonic” gbar:
gbar(w) = − 4piG
l20w
2
∫ w
0
ρ˜ (w′)w′
2
dw′ŵ, (24)
for fixed dimension D = 3. In other words, we identify the observed and baryonic accelerations gobs and gbar[16] with
those obtained in NFG for variable dimension D and for fixed dimension D = 3, respectively.
With these NFG assumptions, for spherically symmetric structures, the ratio (gobs/gbar)NFG is simply obtained
from Eqs. (23) and (24):
(
gobs
gbar
)
NFG
(w) = w3−D(w)
∫ w
0
ρ˜ (w′)w′
D(w)−1
dw′∫ w
0
ρ˜ (w′) w′2dw′
, (25)
where the dimension function D(w) needs to be determined either from experimental data or from theoretical consid-
erations. In this section, we will consider the first option, while possible theoretical determination of the dimension
function will be left for future work on the subject [55].
In general, to obtain D(w) from experimental data, without fitting any particular set of galactic data, we sim-
ply compare the expression in Eq. (25) with the MOND equivalent expression from Eq. (6),
(
gobs
gbar
)
MOND
(w) =
1
1−e−
√
gbar(w)/g†
, or with similar expressions obtained by using the other interpolation functions in Eq. (5). If these
12 Fractional electrodynamics has already been applied successfully to some fractal media and materials (see again [6, 7] and references
therein), thus showing that classical forces can be affected by the dimensionality of space.
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two expressions are compatible, we expect to obtain D(w) as a continuous function with values D ≈ 3 in regions
where Newtonian gravity holds. The dimension should then decrease toward D ≈ 2 in regions where the deep-MOND
regime applies, following our general discussion in Sect. II.
B. Point-mass objects
Following Eq. (8), a point-mass m placed at the origin of a D-dimensional space can be represented, in spherical
coordinates, by the following mass density:
ρ˜ (w′) =
mΓ (D/2) δ (w′)
2piD/2w′D−1
, (26)
which reduces to the standard expression ρ˜ (w′) =
mδ(w′)
4piw′2 for D = 3. With this choice for the mass density, assuming
a0 = Gm/l
2
0 from Eq. (12), and using the properties of the Dirac delta functions inside the integrals in Eqs. (23)-(25),
all the relevant quantities are easily computed.
The y parameter from Eq. (4) simply becomes y = gbara0 =
1
w2 , from which the functions in Eq. (5) corresponding
to
(
gobs
gbar
)
MOND
are easily obtained. In particular:
νn (y) =
(
1
2
+
1
2
√
1 + 4w2n
)1/n
(27)
ν̂n (y) =
[
1− exp (−w−n)]−1/n
and
gbar (w) =
a0
w2
(28)
gobs (w) =
a02pi
1−D(w)/2Γ (D (w) /2)
wD(w)−1(
gobs
gbar
)
NFG
(w) = 2pi1−D(w)/2Γ (D (w) /2)w3−D(w).
In view of Eq. (6) in Sect. II, the variable dimension D (w) appearing in the second and third lines of the previous
equation is obtained by equating the function
(
gobs
gbar
)
NFG
(w) in the same Eq. (28) with either νn (w) or ν̂n (w) from
Eq. (27), and by solving numerically the resulting equation.
Figure 1 shows all the results for this particular case. The top-left panel illustrates the variable dimension D (w)
obtained using some of the functions in Eq. (27). We can see that the MOND functions are not fully compatible with
the NFG analysis at low values for w, where the dimension suddenly changes from D ≈ 3 in the initial Newtonian
regime, to a low value close to zero. This is due to the fact that the equation
(
gobs
gbar
)
NFG
(w) = ν̂1 (w) (or ν̂2 (w))
admits two possible numerical solutions in this region, where one of the two becomes progressively greater than D = 3
and, therefore, unphysical. In the figure we only show values 0 < D . 3. At higher values for the variable w, the
dimension D progressively decreases toward the D = 2 value, as it is to be expected in the deep-MOND regime,
following the discussion in Sect. III.
The top-right panel in the figure shows the ratio gobsgbar computed in two different ways:
(
gobs
gbar
)
NFG
(w) from Eq. (28)
with the dimension D (w) obtained before, and
(
gobs
gbar
)
MOND
(w) = ν̂1 (w) (or ν̂2 (w)), simply using the two MOND
functions in Eq. (27). In both cases, the NFG plots (solid lines) match the MOND ones (dotted lines), showing a
ratio gobsgbar ' 1 at low w within the Newtonian regime. In the deep-MOND high-w range we have instead
gobs
gbar
∼ w+ 12 ,
or gobsgbar ∼ w, for the two cases related to ν̂1 and ν̂2 respectively, as expected in the MOND model. The results shown
in these two top panels of figure 1 are independent of the mass m of the point-like object, and were obtained by using
only the n = 1, 2 values for the general MOND function ν̂n in Eq. (5). Using n > 2 values for the same function ν̂n
does not yield results which are much different from the n = 2 ones.13
13 Using MOND functions νn, instead of ν̂n, yields very similar results for all values of n. Therefore, we have considered only the ν̂n
family of MOND interpolation functions in this work.
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FIG. 1. Point-mass object results. Top-left panel: NFG variable dimension D (w) for MOND interpolation functions ν̂1 and ν̂2.
Other panels: comparison of NFG results (solid lines) with equivalent MOND predictions (dotted lines) for the two different
interpolation functions. Also shown: Newtonian behavior-Line of Unity (black-dashed lines).
The bottom-left panel shows circular velocity plots corresponding to the previously analyzed cases, and compared
with the purely Newtonian case. For this panel, as well as for the bottom-right one, we have assumed a mass
m ≈ 2× 105M ≈ 4× 1035 kg, typical of globular clusters in our Galaxy [54], but the results would be similar for any
other choice of massm. In this panel the NFG circular speeds are computed as vcirc =
√
gobs (w)w l0/10
3
[
km s−1
]
with
l0 ≈
√
Gm
a0
' 4.72 × 1017m. The MOND circular speeds are computed as vcirc =
√
gbar (w) ν̂1 (w)w l0/10
3
[
km s−1
]
(or using ν̂2 instead of ν̂1) and the purely Newtonian speed is vcirc =
√
gbar (w)w l0/10
3
[
km s−1
]
. As seen from the
panel, there is perfect agreement between the respective (ν̂1 or ν̂2) NFG and MOND cases, showing the expected
flattening of the circular speed plots at high-w, as opposed to the standard Newtonian decrease of circular speed with
radial distance (vcirc ∼ 1/
√
w for Newtonian behavior).
Finally, the bottom right panel is similar to the log (gobs) vs. log (gbar) plots widely used in the literature (see Fig.
3 in Ref. [16] or the figures in Ref. [17]) to illustrate the validity of the general MOND-RAR relation in Eq. (6).
Compared to the Line of Unity, representing the purely Newtonian case, there is again perfect agreement over several
orders of magnitude between plots obtained with our NFG model, using gobs (w) and gbar (w) from Eq. (28), and
MOND plots where gobs (w) = ν̂1 (w) gbar (w) (or gobs (w) = ν̂2 (w) gbar (w)).
Apart from the discontinuity at low-w in the top-left panel, which will disappear in the next two cases analyzed
in this section, the study of the point-mass case already shows that the variable-dimension effect of NFG can be
equivalent to the MOND-RAR model. In the next two sub-sections we will confirm this result using two other
12
spherically symmetric cases.
C. Homogeneous sphere
A homogeneous sphere of radius R and total mass M will have constant mass density ρ = 3M4piR3 inside the sphere
and % = 0 outside. Rescaling all distances as usual, w′ = r/l0, W = R/l0, and using a Heaviside step function H we
can write the rescaled mass density as:
ρ˜(w′) =
3M
4piW 3
H(W − w′). (29)
We then follow the same procedure outlined in the previous subsection IV B. The y parameter is easily computed
as:
y =
gbar
a0
=
1
W 3w2
[
W 3 +
(
w3 −W 3)H (W − w)] , (30)
from which the MOND functions ν̂1 and ν̂2 also follow. Functions gobs (w), gbar (w), and their ratio
(
gobs
gbar
)
NFG
(w) will
follow from Eqs. (23)-(25), with the dimension D (w) obtained by solving numerically the equation
(
gobs
gbar
)
NFG
(w) =
ν̂1 (w) (or ν̂2 (w)). The total mass is chosen to be the same as the one used in the point-mass case, i.e., M ≈
2× 105M ≈ 4× 1035kg, typical of globular clusters. The other physical parameter W = R/l0 is chosen as W = 0.1.
We will use the same value in the next sub-section for the Plummer model (see Sect. IV D) and this choice will be
justified in terms of the astrophysical parameters of globular clusters.
Figure 2 shows the results for this case, in the same way of figure 1 previously. The top left panel illustrates
the dimension functions D (w) for the two cases being considered. This time, the dimension functions are uniquely
defined and continuous over the whole range: at low-w values, D ≈ 3 in the Newtonian regime, then the dimension
continuously decreases approaching the value D ≈ 2 in the deep-MOND regime, as expected.
The top-right panel shows the same two regimes, Newtonian and deep-MOND, in terms of the gobsgbar ratio: close to
unity at low-w (Newtonian) and approaching asymptotically w+1/2 (or w) at high-w (deep-MOND). Finally, the two
bottom panels show the equivalent circular speed and log-log plots, with perfect correspondence between the NFG
and MOND computations (obtained with the same procedure outlined above for figure 1).
D. Plummer model
The last spherical model considered in this section is based on the Plummer gravitational potential φ (r) = − GM√
r2+b2
and related mass density ρ(r) = 3M4pib3
(
1 + r
2
b2
)−5/2
, where M is the total mass of the system and b is the Plummer
scale length [54]. As we did for the homogeneous model in the previous sub-section, we rescale all distances, w′ = r/l0,
W = b/l0, and obtain the effective mass density:
ρ˜ (w′) =
3M
4piW 3
(
1 +
w′2
W 2
)−5/2
. (31)
Always assuming a0 =
GM
l20
and using Eq. (24), we compute y = gbara0 =
w
W 3
(
1 + w
2
W 2
)−3/2
and then all other
quantities follow from the general equations (23)-(25) as in the previous cases, with the integrations performed either
analytically or numerically. The Plummer model is usually associated with spherical structures such as globular
clusters, therefore we use again the reference mass M ≈ 2 × 105M ≈ 4 × 1035kg, which yields l0 =
√
GM
a0
'
4.72× 1017m. Since the typical half-mass radius of globular clusters in our Galaxy is rh ≈ 3 pc ≈ 1017m [54], and for
the Plummer mass density above rh/b ' 1.30, we estimate b ' 7.10 × 1016 m and thus W = b/l0 ≈ 0.1, as also used
in sub-section IV C.
Figure 3, modeled after the first two figures, summarizes all results for this case. Once again, the top-left panel
shows dimension functions D (w) consistent with our NFG model based on fractional gravity: the effective dimension
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FIG. 2. Homogeneous sphere results. Top-left panel: NFG variable dimension D (w) for MOND interpolation functions ν̂1
and ν̂2. Other panels: comparison of NFG results (solid lines) with equivalent MOND predictions (dotted lines) for the two
different interpolation functions. Also shown: Newtonian behavior-Line of Unity (black-dashed lines).
of the physical space decreases from the standard Newtonian D ≈ 3 value toward the deep-MOND D ≈ 2 value
asymptotically.14 This is also reflected in the top-right panel, by using the gobsgbar ratios instead. The two bottom panels
in figure 3, also confirm that our NFG model can yield the same results of the standard MOND theory, but with
circular speed plots and log-log plots now explained by our variable-dimension effect, as opposed to just an empirical
MOND-RAR relation.
14 In all these figures, we limited the range of w between 0 and 10. Plotting the top-left panels for w  10 would show that, in fact,
D → 2 for large values of w.
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FIG. 3. Plummer model results. Top-left panel: NFG variable dimension D (w) for MOND interpolation functions ν̂1 and ν̂2.
Other panels: comparison of NFG results (solid lines) with equivalent MOND predictions (dotted lines) for the two different
interpolation functions. Also shown: Newtonian behavior-Line of Unity (black-dashed lines).
Although in this section we used globular clusters and related astrophysical data in our models, the NFG analysis
can be easily extended to any other spherical stellar structure, such as dwarf spheroidal galaxies or others. Additional
simulations corresponding to other choices of spherical stellar structures, with different mass densities and different
astrophysical data, produced results similar to those in Figs. 1-3 and, therefore, were not included in the current
work.
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V. CONCLUSION
In this work, we outlined a possible explanation of the MOND theory and related RAR in terms of a novel fractional
gravity model. We considered the possibility that Newtonian gravity might act on a metric space of variable dimension
D ≤ 3, when applied to galactic scales, and developed the mathematical basis of a classical NFG.
In particular, the MOND acceleration scale a0, or the equivalent RAR acceleration parameter g† = 1.20 ×
10−10m s−2, can be related to a length scale l0 ≈
√
GM
a0
which is naturally required for dimensional reasons when
applying fractional calculus to physics.
We have shown that, at least for some fundamental spherically-symmetric cases, our NFG can reproduce the same
results of the MOND-RAR models, and that the deep-MOND regime can be achieved by continuously decreasing the
space dimension D toward a limiting value of D ≈ 2.
Future work on the subject [55] will be needed to test the NFG hypothesis. This model will need to be extended to
galactic structures with axial symmetry and detailed fitting to galactic rotation curves will also need to be performed,
before NFG can be considered a viable alternative model. Lastly, the origin of the supposed continuous variation of
the space dimension D has to be determined, possibly arising from a relativistic version of fractional gravity.
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Appendix A: Fractional Laplace equation and the multipole expansion
In this section we will consider the fractional version of the Laplace equation, in order to confirm our fundamental
Eq. (17) in Sect. III. Several studies of fractional gravity exist in the literature [10, 56–62] but, to our knowledge,
they do not discuss a NFG as outlined in this paper.15
The Laplace equation in spherical coordinates for a D-dimensional space follows from the Laplacian operator in
Eq. (18):16
∇2Dφ =
1
rD−1
∂
∂r
(
rD−1
∂φ
∂r
)
+
1
r2 sinD−2 θ
∂
∂θ
(
sinD−2 θ
∂φ
∂θ
)
+
1
r2 sin2 θ sinD−3 ϕ
∂
∂ϕ
(
sinD−3 ϕ
∂φ
∂ϕ
)
= 0, (A1)
where the gravitational potential φ can be a function of the standard “physical” coordinates (r, θ, ϕ) or of the equivalent
dimensionless coordinates (wr = r/l0, wθ = θ, wϕ = ϕ). In this section, we will simply leave all equations in standard
spherical coordinates and we will omit the scale length l0 in most equations.
Eq. (A1) is separable [52, 53], i.e., φ (r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ) and the resulting radial and angular equations are:[
1
rD−1
d
dr
(
rD−1
d
dr
)
+
k1
r2
]
R (r) = 0 (A2)[
1
sinD−2 θ
d
dθ
(
sinD−2 θ
d
dθ
)
− k1 − k2
sin2 θ
]
Θ (θ) = 0[
1
sinD−3 ϕ
d
dϕ
(
sinD−3 ϕ
d
dϕ
)
+ k2
]
Φ (ϕ) = 0
where the separation constants take the values k2 = m (m+D − 3), m = 0, 1, 2, ... and k1 = −l (l +D − 2), l =
0, 1, 2, ... with m ≤ l.
The complete solution to the angular equations can be found in Appendix B of Ref. [53], where both angular
functions Θ and Φ can be expressed in terms of Gegenbauer polynomials [64–66]. Here, we will limit our analysis to
15 Recently, a connection between MOND and fractional theories was proposed by Giusti [63], while our work was being finalized. In
this approach, Giusti used a different gravitational potential, compared to our Eq. (17), and a scale length l = 2
pi
√
GM
a0
to establish a
connection with the MOND theory.
16 This equation assumes a constant value for the dimension D, although not necessarily an integer one. The theory of NFG outlined in
Sect. III considered a variable dimension D as a function of the field point coordinates. If we assume that D varies slowly with these
coordinates, then the results obtained in this section will be approximately true and valid also in the case of a variable dimension.
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cases of axial symmetry, i.e., φ (r, θ) = R(r)Θ(θ) corresponding to k2 = m = 0 (Φ(ϕ) = 1). In this case, the radial
equation admits two independent solutions R(r) = rl and R(r) = 1/rl+D−2, while the angular solution is given in
terms of Gegenbauer polynomials in cos θ: Θ(θ) = C
(D2 −1)
l (cos θ).
Gegenbauer polynomials (a.k.a., ultraspherical functions) C
(λ)
l (x) [64] form a set of orthogonal polynomials de-
fined over the interval (−1, 1) and with constraints λ > − 12 , λ 6= 0. The weight function is w(x) = (1 − x2)λ−
1
2 ,
i.e., the orthogonality condition is
∫ +1
−1 w(x)C
(λ)
l (x)C
(λ)
l′ (x)dx = 0 for l 6= l′ and the normalization factor is hl =
21−2λpiΓ(l+2λ)
(l+λ)(Γ(λ))2l!
, that is,
∫ +1
−1
(
C
(λ)
l (x)
)2
w(x)dx = hl. The Rodriguez formula for the Gegenbauer polynomials is
C
(λ)
l (x) =
1
κlw(x)
dl
dxl
(
w(x) (F (x))
l
)
with F (x) = 1 − x2 and κl = (−2)
l(λ+ 12 )ll!
(2λ)l
,17 and the main generating function
is:
(
1− 2xz + z2)−λ = ∞∑
l=0
C
(λ)
l (x)z
l for |z| < 1.
Adapting these definitions and properties to the case of our physical solutions above, we set x ≡ cos θ and λ ≡ D2 −1.
The constraints for λ limit the use of Gegenbauer polynomials to the case D > 1, D 6= 2 and the overall ortho-normality
condition can be written as:
∫ pi
0
C
(D2 −1)
l (cos θ)C
(D2 −1)
l′ (cos θ) sin
D−2 θdθ = hlδll′ (A3)
hl =
23−DpiΓ (l +D − 2)(
l + D2 − 1
) [
Γ
(
D
2 − 1
)]2
l!
.
The first few Gegenbauer polynomials in cos θ are:
C
(D2 −1)
0 (cos θ) = 1; C
(D2 −1)
1 (cos θ) = (D − 2) cos θ; C(
D
2 −1)
2 (cos θ) =
(
D
2
− 1
)(
D cos2 θ − 1) ; ... (A4)
It is evident that, in the case D = 3, the Gegenbauer polynomials will reduce to standard Legendre polynomials
Pl (cos θ). In the case of possible dependence of the gravitational potential on both angular variables θ and ϕ [53],
the ultraspherical functions will reduce instead to standard spherical harmonics Yl,m (θ, ϕ), for D = 3. Considering
just the case of axial symmetry, the general solution for a given boundary condition φ (R, θ) = φ0 (θ) is:
φ(r, θ) =
∞∑
l=0
(
Alr
l +
Bl
rl+D−2
)
C
(D2 −1)
l (cos θ) (A5)
Al =
1
Rlhl
∫ pi
0
φ0(θ)C
(D2 −1)
l (cos θ) sin
D−2 θdθ
Bl =
Rl+D−2
hl
∫ pi
0
φ0 (θ)C
(D2 −1)
l (cos θ) sin
D−2 θdθ,
where the coefficients Al and Bl were obtained by using Eq. (A3).
For a single point-mass placed at the origin, ρ˜(r) = m˜(D)δ
(D) (r), the potential following the first line of Eq. (A5)
must consist only of the l = 0 term, due to spherical symmetry. Requiring also the potential to be zero at infinity
implies φ (r) = B0
rD−2 , from which∇2Dφ = −B0(D−2)2pi
D/2δ(D)(r)
Γ(D/2) , following∇D ·
(
r̂
rD−1
)
= 2pi
D/2
Γ(D/2)δ
(D)(r) and∇D
(
1
rD−2
)
=
− (D − 2) r̂
rD−1 . On the other hand, the generalized Poisson equation (22) implies ∇2Dφ = 4piGm˜(D)δ(D) (r) and
combining both results we obtain the coefficient B0 = − 2pi
1−D/2Γ(D/2)Gm˜(D)
(D−2) and the potential of a point-mass becomes
φ (r) = − 2pi
1−D/2Γ(D/2)Gm˜(D)
(D−2)rD−2 , thus confirming the first line of Eq. (17).
Since the fractal gradient we introduced in Sect. III is the same as the standard one, the gravitational field we
obtain from the point mass potential above, confirms also our previous Eq. (11) in Sect. III which was originally
17 The Pochhammer’s symbol (a)l is defined as (a)0 = 1, (a)l = a (a+ 1) (a+ 2) ... (a+ l − 1) = Γ (a+ l) /Γ (a).
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introduced in a heuristic way. In fact, adding the appropriate scale length l0 into the equations for dimensional
correctness, we obtain g = −∇Dφ = − 2pi
1−D/2Γ(D/2)Gm˜(D)
l20
(r/l0)
(r/l0)
D , which is equivalent to Eq. (11).
By using the generating function of the Gegenbauer polynomials above, rewritten with x = cos θ′, λ = D2 − 1, and
z = r′/r or z = r/r′, for r′ < r and r < r′ respectively, we can write:
1
|r− r′|D−2
=

1
rD−2
∞∑
l=0
(
r′
r
)l
C
(D2 −1)
l (cos θ
′) ; for r′ < r
1
r′D−2
∞∑
l=0
(
r
r′
)l
C
(D2 −1)
l (cos θ
′) ; for r < r′
. (A6)
Using the first line of the last equation combined with Eq. (17), we can derive a generalized multipole expansion
for a localized charge distribution ρ = ρ(r′, θ′) in the case r  r′:
φ (r) = −2pi
1−D/2Γ (D/2)G
(D − 2)
∫
VD
ρ˜ (r′) dVD
|r − r′|D−2
= −2pi
1−D/2Γ (D/2)G
(D − 2)
∞∑
l=0
1
rD−2+l
∫
VD
ρ˜(r′) (r′)l C(
D
2 −1)
l (cos θ
′) dVD,
(A7)
with the first two terms representing the monopole and dipole moments:
φmon (r) = −2pi
1−D/2Γ (D/2)G
(D − 2) rD−2
∫
VD
ρ˜ (r′) dVD = −
2pi1−D/2Γ (D/2)GM˜(D)
(D − 2)rD−2 (A8)
φdip (r) = −2pi
1−D/2Γ (D/2)G
(D − 2) rD−1
∫
VD
ρ˜ (r′) r′ (D − 2) cos θ′dVD = −
2pi1−D/2Γ (D/2)Gp˜(D) · r̂
rD−1
,
where M˜(D) is the total D-dimensional mass and p˜(D) =
∫
VD
r′ρ (r′) dVD is the D-dimensional dipole moment.
Again, using the standard gradient operator it is easy to obtain the corresponding monopole and dipole terms for
the gravitational field:
gmon (r) = −
2pi1−D/2Γ (D/2)GM˜(D)
rD−1
r̂ (A9)
gdip (r) = −
2pi1−D/2Γ (D/2)Gp˜(D)
rD
[
(D − 1) cos θ r̂+ sin θ θ̂
]
,
with the monopole term consistent with our previous analysis and with Eq. (11) in Sect. III.
We can also consider the potential of a thin shell of radius a and surface mass density σ (θ) at fixed radius r = a.
In this case “interior” (r ≤ a) and “exterior” (r ≥ a) solutions can be written as:
φint (r, θ) =
∞∑
l=0
Alr
lC
(D2 −1)
l (cos θ) (A10)
φext (r, θ) =
∞∑
l=0
Bl
rl+D−2
C
(D2 −1)
l (cos θ)
since the potential at the center must be non singular and the potential at infinity is assumed to be zero. Continuity
at r = a and orthogonality of the Cl functions also implies Bl = Ala
2l+D−2.
Following a procedure similar to the one outlined in Sect. 2.4 of Ref. [54] for the standard D = 3 case, we can
expand the surface mass density of the thin shell as σ(θ) =
∞∑
l=0
σlC
(D2 −1)
l (cos θ) and, using the ortho-normality of the
Cl functions, also obtain:
σl =
1
hl
∫ pi
0
σ (θ)C
(D2 −1)
l (cos θ) sin
D−2 θdθ. (A11)
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Gauss’s theorem (20) applied to a small piece of the shell yields
[
∂φext
∂r
]
r=a
−[∂φint∂r ]r=a = 4piGσ (θ) so that combining
this equation with Eq. (A10) and the σ (θ) expansion above, another relation between the Al and the Bl coefficients can
be derived: −
∞∑
l=0
[
(l +D − 2)Bla−(l+D−1) + lAlal−1
]
C
(D2 −1)
l (cos θ) = 4piG
∞∑
l=0
σlC
(D2 −1)
l (cos θ). Using this relation
and the previous one between these coefficients, it is then possible to extract them explicitly:
Al = −4piGa
−(l−1)
2l +D − 2 σl (A12)
Bl = −4piGa
l+D−1
2l +D − 2 σl
The interior and exterior potentials are then obtained:
φint (r, θ) = −4piGa
∞∑
l=0
(
r
a
)l
σl
2l +D − 2C
(D2 −1)
l (cos θ) (A13)
φext (r, θ) = −4piGa
∞∑
l=0
(
a
r
)l+D−2
σl
2l +D − 2C
(D2 −1)
l (cos θ)
with σl given by Eq. (A11). Finally, the potential of a solid body is evaluated by breaking it into a series of concentric
shells. Let δσl (a) be the σ-coefficient of the shell lying between a and a+δa, and δφ (r, θ; a) the corresponding potential
at r. Following Eq. (A11) with σ (θ) = ρ (a, θ) δa we can write δσl (a) =
[
1
hl
∫ pi
0
dθ sinD−2 θC(
D
2 −1)
l (cos θ) ρ (a, θ)
]
δa ≡
ρl (a) δa. Substituting these values of δσl into Eq. (A13) and summing all contributions over all possible values for a
we obtain the potential at r generated by the entire collection of shells:
φ (r, θ) =
r∑
a=0
δφext +
∞∑
a=r
δφint (A14)
= −4piG
∞∑
l=0
C
(D2 −1)
l (cos θ)
2l +D − 2
[
1
rl+D−2
∫ r
0
da al+D−1ρl (a) + rl
∫ ∞
r
da
al−1
ρl (a)
]
ρl (a) =
1
hl
∫ pi
0
dθ sinD−2 θ C(
D
2 −1)
l (cos θ) ρ (a, θ) ,
with hl given by Eq. (A3).
Eq. (A14) represents the multipole expansion for the gravitational potential φ in the case of an axially symmetric
distribution of matter, for a generalized dimension D > 1 (D 6= 2). A more general expansion formula can be
derived for the case φ (r, θ, ϕ) by using two sets of ultraspherical functions, but this goes beyond the scope of the
current work. It is easy to check that the multipole expansion above for the simple case of a point mass at the
origin, i.e., ρ˜ (a) = m˜(D)δ
(D) (a) = m˜(D)
Γ(D/2)
2piD/2aD−1 δ (a), would be limited to the l = 0 terms and yield φ (r, θ) =
−4piG 1D−2
[
1
rD−2
∫ r
0
daaD−1m˜(D)
Γ(D/2)
2piD/2aD−1 δ (a)
]
= − 2pi
1−D/2Γ(D/2)Gm˜(D)
(D−2)rD−2 , which again confirms our previous equation
(17), for D 6= 2.
The special case D = 2 corresponds to the classic Dirichlet problem for a circle and the Poisson kernel (see for
example Ref. [67]). In fact, adapting Eqs. (A1) and (A2) to the case D = 2 and considering a separable solution of
the type φ (r, θ) = R(r)Θ(θ), as was done for the general D 6= 2 case above, we obtain:
∇2(2)φ =
1
r
∂
∂r
(
r
∂φ
∂r
)
+
1
r2
∂2φ
∂θ2
= 0 (A15)[
1
r
d
dr
(
r
d
dr
)
− l
2
r2
]
R (r) = 0[
d2
dθ2
+ l2
]
Θ (θ) = 0,
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where θ can now be considered the polar angle and l = 0, 1, 2, ... as before. Solutions to the radial and angular
equations are:
φ0 (r, θ) = (A0 +B0θ) (C0 ln r +D0) (A16)
φl (r, θ) = [Al cos (lθ) +Bl sin (lθ)] (Clr
l +Dlr
−l ); l 6= 0
Setting B0 = 0, due to the periodicity of the solution, renaming the constants A0D0 → a02 , a
′
0
2 , A0C0 → c02 ,
AlCl → al, BlCl → bl, AlDl → cl, and BlDl → dl, we can write the interior and exterior solutions to a circle of radius
R as:18
φint (r, θ) =
a0
2
+
∞∑
l=1
[al cos (lθ) + bl sin (lθ)] r
l (A17)
φext (r, θ) =
a′0
2
+
c0
2
ln r +
∞∑
l=1
[cl cos (lθ) + dl sin (lθ)] r
−l,
respectively for 0 ≤ r ≤ R and r ≥ R. For a given boundary condition on the circle of radius R: φ (R, θ) ≡ φ0 (θ), it
is easy to obtain all coefficients as follows:
al =
1
piRl
∫ pi
−pi
φ0 (θ
′) cos (lθ′) dθ′ (A18)
bl =
1
piRl
∫ pi
−pi
φ0 (θ
′) sin (lθ′) dθ′
cl =
Rl
pi
∫ pi
−pi
φ0 (θ
′) cos (lθ′) dθ′
dl =
Rl
pi
∫ pi
−pi
φ0 (θ
′) sin (lθ′) dθ′
where these also include the a0 and c0 coefficients in Eq. (A17) (b0 and d0 are identically zero). The a
′
0 coefficient is
obtained instead by equating the l = 0 interior and exterior solutions in Eq. (A17) at the boundary r = R, namely
a′0 + c0 lnR = a0, from which φ
l=0
ext (r, θ) =
a0
2 +
c0
2 ln
(
r
R
)
. Inserting all these expressions into Eq. (A17) and using the
identity 1 + 2
∞∑
l=1
xl cos (lθ) = 1−x
2
x2−2x cos θ+1 (0 ≤ x < 1) we can rewrite both interior and exterior solutions as power
series or with Poisson integrals:
φint (r, θ) =
1
2pi
∫ pi
−pi
φ0 (θ
′) dθ′ +
1
pi
∞∑
l=1
[∫ pi
−pi
φ0 (θ
′) cos (l (θ′ − θ)) dθ′
](
r
R
)l
(A19)
=
1
2pi
∫ pi
−pi
φ0 (θ
′)
1− (rR)2(
r
R
)2 − 2(rR) cos (θ′ − θ) + 1dθ′
φext (r, θ) =
1
2pi
∫ pi
−pi
φ0 (θ
′) dθ′
(
1 + ln
(
r
R
))
+
1
pi
∞∑
l=1
[∫ pi
−pi
φ0 (θ
′) cos (l (θ′ − θ)) dθ′
](
R
r
)l
=
1
2pi
∫ pi
−pi
φ0 (θ
′)
[
ln
(
r
R
)
+
1− (Rr)2(
R
r
)2 − 2(Rr) cos (θ′ − θ) + 1
]
dθ′.
As it was done for the case D 6= 2, we can consider a single point mass at the origin in a D = 2 space as
ρ˜ (r) = m˜(2)δ
(2) (r). The spherical symmetry of φext (r) obtained from the third line of Eq. (A19) requires l = 0
18 We still require the potential at the center to be non singular, but we will allow the potential at infinity to diverge at most logarithmically.
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FIG. 4. General geometry used for spherical mass distributions.
and neglecting constant terms the potential simplifies as φ (r) = C ln r, where C is some constant to be determined.
Following the procedure used for the D 6= 2 above, a direct computation gives ∇2(2)φ (r) = 2piCδ(2) (r) while the
generalized Poisson equation (22) implies ∇2(2)φ (r) = 4piGm˜(2)δ(2) (r). Comparing the two results, we determine the
constant C = 2Gm˜(2) and φ (r) = 2Gm˜(2) ln r → 2Gm˜(2)l20 ln (r/l0), including also the scale length l0 for dimensional
correctness. This result confirms the second line of our general equation (17) for the gravitational potential in the
D = 2 case.
Appendix B: Spherically symmetric mass distributions
In this section we will consider the gravitational field g(w) due to a spherically symmetric source mass distribution
ρ˜(w′), in a fractal space of dimension D (w) also depending on the distance from the center of the coordinate system.
We will expand and generalize the standard Newtonian derivation, based on the computation of the field due to an
infinitesimal spherical shell (see for example [68], pp 223-225). Since the gravitational field can be computed directly
from the mass distribution, following Eq. (14), we will not use the gravitational potential φ in this section.
The geometry is illustrated in Fig. 4. The distance s between the source point Q and the field point P is equivalent
to the quantity |w −w′| in Eq. (14), with w2 +w′2−2ww′ cos θ′ = s2 due to the law of cosines and, by differentiating,
ww′ sin θ′dθ′ = sds. We also note that sin θ′ =
√
1− cos2 θ′ =
√
1− (w2+w′2−s2)24w2w′2 and that in the triangle OPQ we
also have cosα = s
2+w2−w′2
2ws , which is useful to project the field into the radial direction OP . For a uniform spherical
shell of radius w′ and dimension 2 < D ≤ 3, the mass of the infinitesimal ring outlined in gray in the figure between
points Q and Q′ is:
dm˜(D) =
pi
D
2 −1
Γ
(
D
2 − 1
) %˜(w′)w′D−1dw′ |sin θ′|D−2 dθ′ ∫ 2pi
0
|cosϕ′|D−3 dϕ′ (B1)
=
2pi
D−1
2
Γ
(
D−1
2
) %˜(w′)w′D−1dw′ |sin θ′|D−2 dθ′.
The previous equation follows from Eq. (15) expressed in terms of spherical coordinates, as discussed in Sect. III.
Following Eq. (14), we can obtain the infinitesimal contribution to the field at point P , due to the whole spherical
shell, by integrating over the angle θ′:
dg(w) = −4
√
piG
l20
Γ (D/2)
Γ
(
D−1
2
) ρ˜(w′)w′D−1dw′ ∫ pi
0
|sin θ′|D−2 1
sD−1
s2 + w2 − w′2
2ws
dθ′ŵ (B2)
= −4
√
piG
l20
Γ (D/2)
Γ
(
D−1
2
) %˜(w′)w′dw′
2D−2wD−1
∫ w+w′
w−w′
[
(2w′w)2 − (w2 + w′2 − s2)2]D−32 (s2 + w2 − w′2
sD−1
)
ds ŵ
= − 4piG
l20w
D−1 ρ˜(w
′)w′D−1dw′ŵ.
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Due to the symmetry, in this equation we considered just the radial components of the field at point P , while the sum
of the perpendicular components vanishes, and we used all the relations mentioned above to express the various quan-
tities in terms of the variable s. The angular integration over θ′ was then transformed into an integration over s, by as-
suming w > w′ and the integral in the second line of Eq. (B2) is:
∫ w+w′
w−w′
[
(2w′w)2 − (w2 + w′2 − s2)2]D−32 (s2+w2−w′2
sD−1
)
ds =
2D−2Γ(1−D2 )Γ(D−12 ) sin (Dpi2 )w′D−2√
pi
, which yields the simplified result on the third line of the last equation, in terms of
the radial unit vector ŵ.
The total field g(w) at point P can then be obtained with a further integration over all the “inner” spherical shells
(0 < w′ < w) noting that the dimension D should also be considered as a function of the field point radius w, i.e.
D = D(w), therefore:
g(w) = − 4piG
l20w
D(w)−1
∫ w
0
ρ˜ (w′)w′
D(w)−1
dw′ŵ. (B3)
The standard Newtonian result g(w) = − 4piG
l20w
2
∫ w
0
ρ˜(w′)w′2dw′ŵ is recovered from the previous equation in the case
of a constant dimension D = 3. We should also remark that, as in the standard Newtonian case, all contributions to
the field g(w) due to the “outer” spherical shells, that is for w′ > w > 0, are identically zero also in the case of variable
dimension D(w). In fact, for the outer shells the integral in the second line of Eq. (B2) would only differ by the lower
limit: w′ −w, instead of w−w′. It is easy to check that
∫ w+w′
w′−w
[
(2w′w)2 − (w2 + w′2 − s2)2]D−32 (s2+w2−w′2
sD−1
)
ds = 0
and, therefore, outer spherical shells do not contribute to the field. Newton’s first theorem for a spherical distribution
of matter, namely that a body inside a spherical shell of matter experiences no net gravitational force from that shell,
still holds.
The main result in Eq. (B3) was derived for the case 2 < D ≤ 3, but it is easy to check that this result is actually
valid for the whole range 1 ≤ D ≤ 3. The special case D = 2 involves a “circular” distribution of matter, over
the circle of radius w′ in Fig. 1. In this case, the “ring” reduces to the two symmetric points Q and Q′, with the
infinitesimal “ring” mass dm˜(2) = 2ρ˜(w
′)w′dw′dθ′, where the factor of 2 accounts for the two equal contributions from
points Q and Q′, while the θ′ integration is between 0 and pi. In this way, the derivation is similar to the one outlined
above and Eq. (B3) still holds. In particular, for a space of constant D = 2, we have g(w) = − 4piG
l20w
∫ w
0
ρ˜(w′)w′dw′ŵ.
The case 1 < D < 2 would still be related to a “circular” distribution of matter, but with the infinitesimal mass
contribution given by dm˜(D) = 2
pi
D−1
2
Γ(D−12 )
ρ˜(w′)w′D−1dw′ |sin θ′|D−2 dθ′, which is equivalent to the result in the second
line of Eq. (B1). Therefore, the general result in Eq. (B3) also follows in this case, since it can be shown that the
“outer” spherical shells contributions are identically zero also in this case.
For 0 < D ≤ 1, the “spherical” distribution of matter reduces just to points A and B in the figure. The infinitesimal
mass is dm˜(D) =
piD/2
Γ(D/2) ρ˜(w
′)w′D−1dw′ for each of the two points, which reduces to dm˜(1) = ρ˜(w′)dw′ for D = 1.
Using Eq. (14), the infinitesimal contribution to the field at P , due to source points A and B, must now be divided
between the inner shells, dginner(w) = [− 2piGl20 ρ˜ (w
′) w
′D−1
(w−w′)D−1 dw
′ − 2piG
l20
ρ˜ (w′) w
′D−1
(w+w′)D−1 dw
′]ŵ, and the outer shells,
dgouter(w) = [+
2piG
l20
ρ˜ (w′) w
′D−1
(w′−w)D−1 dw
′ − 2piG
l20
ρ˜ (w′) w
′D−1
(w+w′)D−1 dw
′]ŵ. In general, the overall field at point P is due
to both inner and outer contributions. Integrating the previous expressions and simplifying, we obtain:
g (w) = ginner (w) + gouter (w) (B4)
ginner(w) = −2piG
l20
∫ w
0
ρ˜ (w′)
(w − w′)1−D(w) + (w + w′)1−D(w)
w′1−D(w)
dw′ŵ
gouter (w) = +
2piG
l20
∫ ∞
w
ρ˜ (w′)
(w′ − w)1−D(w) − (w + w′)1−D(w)
w′1−D(w)
dw′ŵ
since, in general, the second integral in Eq. (B4) is not equal to zero.
In the special case D = 1, the contribution from the outer shells is identically zero, since gouter (w) = 0 for this
particular value of the dimension. The overall field is due just to the inner shells and, from Eq. (B4), we have
g(w) = ginner (w) = − 4piGl20
∫ w
0
ρ˜(w′)dw′ŵ, which corresponds to the expression in Eq. (B3) for D = 1. Therefore, we
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conclude that our general result in Eq. (B3) is indeed valid for 1 ≤ D ≤ 3.
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